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Abstract
The intrinsic metric symmetries for energy-momentum in warped space-time universally reinforce strict spatial
flatness in the GR metric formalism. The passive/active energy-charge for the 1686, 1913, and 1915 gravitational
laws maintains the universal free fall in non-empty material space of nonlocal elementary (radial) energies. The
known planetary perihelion precession, radar echo delay, and gravitational light bending can be explained by
the singularity-free metric solution without departure from Euclidean spatial geometry. Non-Newtonian flatspace
precessions are expected for non-point orbiting gyroscopes exclusively due to the GR inhomogeneous time in
the Earth’s radial energy-charge. The self-contained SR-GR relativity of gesamt particle-field carriers of inertial
energy relies on the Principle of Equivalence for geometrization of the r−4 continuous particle without references
to Newton’s mass-to-mass attraction. The post-Newtonian logarithmic potential for distributed particle densities
is also the exact solution to Maxwell’s equations with the analytical r−4 electric charge density instead of the
delta-operator density.
Keywords: Non-empty space, 3D flatness, Radial energy-charges, Continuous particles, Nonlocal energy-to-
energy gravitation, Mach’s relativism
1 Introduction
In 1913, Einstein and Grossmann published the Entwurf metric formalism for the passive material point in a grav-
itational field, and in 1915 Einstein’s equation for energy sources (reiterated by Hilbert’s variations) accomplished
the basic tensor approach to warped space-time with active-passive gravitational matter [1]. This metric theory of
gravity, known as General Relativity (GR), can operate fluently with curved spatial displacement dl
N
=
√
γNijdx
idxj
of a point mass m
N
by accepting the Schwarzschild or Droste empty-space solutions [2] without specific restrictions
on the space metric tensor γNij ≡ gNoigNoj(gNoo)−1 − gNij . All GR solutions are related to the space-time interval of the
considered carrier N, ds2
N
≡ gNµνdxµdxν = dτ2N − dl2N , where the time element dτN ≡ [gNoo(dxo + g−1NoogNoidxi)2]1/2 de-
pends on the local pseudo-Riemannian metric tensor gNµν and, consequently, on local gravitational fields. Hereinafter,
i = 1, 2, 3, µ = 0, 1, 2, 3, and the speed of light c = 1, for short.
We intend to analyze the time, dτ
N
, and space, dl
N
≡
√
γNijdx
idxj , elements within the conventional GR four-
interval ds ≡ √gNµνdxµdxν and to prove that the time element of the freely moving mass mN depends within
gravitational fields not only on Newton’s absolute time t (with dt ≡ √δoodxodxo = |dxo| > 0), but also on the
absolute space coordinates xi. Then the ratio dl
N
/dτ
N
≡ v (the physical speed in Special Relativity) will non-
linearly depend on spatial displacement dl
N
≡
√
γNijdx
idxj (the space interval in Special Relativity). Non-linear
field contributions to the time element dτ
N
(v) within the conventional four-interval ds2 = dτ2(v)− dl2 of Einstein’s
Relativity may modify Schwarzschild-type metric constructions with curved three-space around non-physical point
singularities of GR energy-sources. Moreover, the calculated ratio dl
N
/dτ
N
(v) = v may differ from a real velocity
dl
N
/dτ
O
measured by a motionless local observer with proper-time dτ
O
(dl = 0) 6= dτ
N
(v). This is most evident
for the gravitational Sagnac effect when goidx
i/dτ 6= 0. We expect that carrier’s non-linear time dτ(v) ≡ dτ(dl)
may preserve the universal flatspace element dl even in a strongly warped space-time interval ds. We shall start
within the framework of the 1913 tensor formalism for the geodesic motion of passive mass-energies. However, our
non-linear solution for the GR interval can also be found from full geometrization of active source-energy densities,
if one generalizes the Einstein tensor curvature on continuous particles and their fields when Gˆµo = 0 and Gˆ
µ
o;µ ≡ 0
(or if one drops ad hoc empty space and point source dogmas in favor of Newton’s and Clifford’s material space and
the 1913 Entwurf metric theory with 3D flatspace).
1
The first post-Entwurf attempt to interpret GR in parallel terms of curved and flat four-spaces was made by
Rosen [3], Einstein’s co-author of the unpublished 1936 paper about the non-existence of cylindrical metric waves
from the ‘coordinate’ source singularities in question. Later, Sommerfeld, Schwinger, Brillouin and many other
theorists tried to protect Euclidean space for modern physics, including quantum electrodynamics and light waves.
Originally, Einstein-Grossmann’s idea for the geometrization of gravitational fields also relied in the 1913 Entwurf
project on flatspace gravitation. Contrary to non-metric approaches to gravitation with spatial flatness, for example
[4], we shall comply with the Einstein-Grossmann extension of Special Relativity (SR) to gravitation through warped
space-time with non-Euclidean pseudo-geometry, developed by Lobachevsky, Bolyai, and Riemann [5]. However, the
coherent 4D geometrization of fields and particles may keep intrinsic metric symmetries γNij = δij (or universal
3D subgeometry) in the GR tensor formalism for every physical object. In other words, we are planning to revise
neither Einstein’s Principle of Relativity nor the GR metric concept. On the contrary, we are planning further GR
geometrization of continuous particles-sources beside the already developed geometrization of gravitational fields.
Full nullification of the continuous Einstein curvature for overlapping local densities of distributed (astro)particles
and their fields will be required. We intend to prove, for example, that Schwarzschild’s solution for a central field is
not ‘the only rotationally invariant GR metric extension of the SR interval’ if one admits non-empty material space
or Newtonian stresses of the material medium-ether associated with continuous distributions of non-local gravitating
bodies.
First, we discuss a local time element, dτ ≡ dτ(dl, v), which should be considered in GR as a non-linear function
of the speed v = dl/dτ or spatial displacement dl of a passive material point in a given gravitational field. Then,
we look at the Weber-type potential UWo = Uo
√
1− v2/m
N
= UoP
−1
o /(1 − UoP−1o ) for a planet with mass mN
and relativistic energy Po = mNVo in the Sun’s static field generated by the active energy-charge EM = MVMo.
Ultimately, we derive the energy-to-energy attraction potential Uo/Po = −GEM /r ≡ −ro/r for global Machian
interactions of nonlocal GR particles with an analytical radial density n(r) = ro/4πr
2(r + ro)
2 instead of the delta
operator density from the conventional approximation of matter through localized point particles in field spaces.
We then find arguments for the singularity-free gravitational contribution UWo = −ro/(r + ro) to the smooth metric
tensor component goo = (1+UWo )
2. The main challenge here is to keep the free fall universality and the GR Principle
of Equivalence for all carriers of probe (passive, inertial) energies Po in radial fields of the Sun’s active (attractive)
energy E
M
.
In our approach, the warped GR four-interval ds[dτ(dl, v), dl] cannot be decomposed conceptually into pure time
and space subintervals, contrary to the algebraic Schwarzschild-type solutions [2] with the time and space metric
split. In order to justify the indivisible non-linear composition of time and space elements in the GR four-interval
we clarify how the already known gravitational tests of GR can be explained quantitatively without departure from
spatial flatness. We finalize astrophysical tests of our energy-to-energy attraction under the Einstein-Grossmann
geodesic motion in metric fields without Schwarzschild singularities by pro-Einstein-Infeld-Hoffmann comments on
non-point slow-moving gyroscopes for the Gravity Probe B.
We verify the Entwurf hypothesis that the GR metric generalization should universally admit flatspace metric
symmetries γNij = δij for every elementary particle N with energy Po = mN
√
goo/
√
1− v2 in warped space-time. Then,
we find that the metric tensor gµν with four gravitational potentials Gµ ≡ Uµ/Po for the particle energy Po can satisfy
these metric symmetries for non-empty material space under any gravitational fields and their gauges. This neo-
Entwurf metric scheme with warped space-time, but strictly flat three-space, is consistent with the Universe’s large-
scale flatness confirmed by the balloon measurements [6] of the nearly isotropic 2.73K cosmic microwave background
radiation. This scheme, non-linearly dilated time in material flatspace, explains quantitatively the planet perihelion
precession, radar echo delay, and gravitational light bending, for example [7].
Our metric corrections to Newtonian motion in the Sun’s weak field coincide with similar results of other authors
who traditionally admit empty curved space and decompositions of the invariant four-interval into its algebraic time
and space parts. Observable dynamics of matter in moderate and strong fields provides, in principle, an opportunity to
distinguish GR solutions with non-linear time and flat space from Schwarzschild-type constructions without intrinsic
metric symmetries. Precise non-relativistic experiments in the Earth’s gravitational field can verify the nonlocal
source geometrization with non-linearly dilated time, flat material space, and the r−4 particle-field carrier of energy
in the self-contained gravitation with global energy-to-energy attraction and local energy-driven 4D geometry.
2 Warped four-space with intrinsic metric symmetries for flat three-
space
To begin, we employ the GR tetrad formalism, for example [8, 9], in covariant expressions for an elementary rest-
mass m
N
in order to justify the universal mathematical opportunity to keep a flat 3D subspace xi
N
in curved
2
four-space xµ
N
with a pseudo-Riemannian metric tensor gNµν = gµν (for short). First, we rewrite the four-interval,
ds2
N
≡ gNµνdxµN dxνN ≡ gµνdxµdxν ≡ ηαβe
(α)
µ e
(β)
ν dxµdxν ≡ ηαβdx(α)dx(β), in plane coordinates dx(α) ≡ e(α)µ dxµ and
dx(β) ≡ e(β)ν dxν , with ηαβ = diag(+1,−1,−1,−1). One can find e(o)µ = {√goo;−√googi} and e(b)µ = {0, e(b)i } from
the equality ds2 ≡ [√goo(dxo − gidxi)]2 − γijdxidxj , gi ≡ −goi/goo. At first glance, the spatial triad e(b)i ≡ e(b)N i (a,
b = 1,2,3 and α, β = 0,1,2,3) depends essentially on the gravitational fields of other particles because this triad is
related to components of gNµν . However, this might not be the case when there are certain intrinsic symmetries for
the pseudo-Riemannian metric with the warped tensor gNµν . Shortly, a curved mathematical 4D manifold does not
necessarily mean a curved 3D subspace for real matter (warped papers in 3D trash, for example, keep parallel lines
of Euclidean 2D geometry).
Let us consider three spatial components Vi of the four-vector Vµ ≡ gµνdxν/ds by using the conventional tetrad
formalism, −(√googi+ vi)(1− vivi)−1/2 ≡ Vi ≡ e(β)i V(β) ≡ e(o)i V(o)+ e(b)i V(b) ≡ −(
√
googi+ e
(b)
i v(b))(1− v(b)v(b))−1/2.
Here, we used e
(o)
i = −
√
googi and V(β) = {(1 − v(b)v(b))−1/2;−v(b)(1 − v(b)v(b))−1/2}. Now one can trace that the
considered equalities Vi ≡ e(β)i V(β) can admit trivial relations vivi = v(b)v(b) and vi = e(b)i v(b) = δ(b)i v(b) between the
curved velocities, vi ≡ γijdxj/√goo(dxo − gidxi) ≡ γijdxj/dτ , and the plane velocities, v(b) = δabdx(a)/dτ . These
‘trivial’ relations indicate that all spatial triads can be considered as universal Kronecker delta symbols, e
(b)
N i
= δ
(b)
i ,
and, consequently, the three-space metric tensor is irrelevant to gravitation fields, i.e. goigojg
−1
oo −gij ≡ γij = γNij = γKij
= δij .
Again, we can read gKµν ≡ ηαβe(α)µ e(β)ν , with e(o)µ = {
√
goo;−√googi} and e(b)µ = {0, δ(b)i } ≡ δ(b)µ in the most general
case. From here goo ≡ e(o)o e(o)o , goi ≡ e(o)o e(o)i , and gij ≡ e(o)i e(o)j − δabe(a)i e(b)j = e(o)i e(o)j − δij . Therefore, Euclidean
spatial geometry can be universally applied by the covariant GR formalism to dl2
K
≡ γKijdxidxj = δijdxidxj in
pseudo-Riemannian metrics due to the intrinsic symmetries γKij ≡ gKoigKoj(gKoo)−1 − gKij ≡ δij .
Contrary to universal spatial displacements dl, invariant four-intervals have differently warped pseudo-Riemannian
geometries for particles K and N, because gNµν 6= gKµν and dsK 6= dsN in different external fields (for example, in the
two-body problem). The GR four-interval for a selected mass-energy carrier,
ds2 ≡ dτ2 − dl2 =
(√
goodx
o +
goidx
i
√
goo
)2
− γijdxidxj , (1)
is defined for only one selected probe massm
N
; ds
N
≡ ds and dx
N
≡ dx are used exclusively for brevity. This interval
cannot be rigorously divided into time, dτ2, and space, dl2 ≡ γijdxidxj = δijdxidxj , elements. We prove below
that dτ ≡ dτ(dl) for constant gravitational fields with the first integral of motion Po = const. Such a time element
dτ ≡ dτ
N
(dl) ≡ √goo(dxo−gidxi) of the moving mass mN always counts its spatial displacement dl in a gravitational
field, despite the fact that it not immediately obvious from the GR time definition for fields with goi = 0. This post-
Newtonian phenomenon appears for energy(velocity)-dependant potentials in nonlinear gravitational equations. Our
interpretation of the warped four-interval (1), based on energy-warped time in non-empty flatspace rather than in
empty warped space, may be considered as an alternative way in Einstein’s relativity for unified geometrization of a
gesamt elementary carrier, which is a distributed radial field together with a distributed radial particle.
Now, we return to components of the four-vector V Nµ = g
N
µνdx
ν/ds. Notice that Vµ = e
(α)
µ V(α) = (e
(b)
µ V(b) +
e
(o)
µ V(o)) = (e
(b)
µ V(b)+δ
(o)
µ V(o)) + (e
(o)
µ −δ(o)µ )V(o) ≡ Vµ+m−1N Uµ, with the four-velocity Vµ ≡ e
(b)
µ V(b)+δ
(o)
µ V(o) = δ
α
µVα,
because e
(b)
o = 0 and e
(b)
i = δ
(b)
i . Flat three-space geometry is a promising way to introduce gauge invariant
gravitational potentials, Gµ ≡ Uµ/Po = G′µ + ∂µφN with Uµ ≡ (eoµ − δoµ)mNVo = U ′µ + Po∂µφN , for the Einstein-
Grossmann ‘material point’, in close analogy to four-component electromagnetic potentials for the classical electric
charge. The point is that a four-momentum PNµ ≡ mNV Nµ of the selected scalar mass mN can be rigorously
decomposed into mechanical, KNµ , and gravitational, U
N
µ , parts only under strict spatial flatness,
PNµ =
{
m
N√
1− v2 ;−
m
N
vi√
1− v2
}
+
{
m
N
(
√
goo − 1)√
1− v2 ;−
m
N
gi
√
goo√
1− v2
}
≡ KNµ + UNµ , (2)
where vi ≡ γijvj , v2 ≡ vivi, vi ≡ dxi/dτ , ds = (dxµdxµ)1/2, dxµ = gµνdxν , dxµ ≡ dxµN , gi ≡ −goi/goo; γij ≡
gigjgoo − gij = δij = −ηij . Again, we use for simplicity only one time-like worldline with dt = dxo > 0 and
dτ = +g
1/2
oo (dxo − gidxi) > 0 for the passive-inertial mN > 0, while real chiral matter should employ both time
coordinates in the joint time arrow dt = |± dxo|. The gravitational energy-momentum part Uµ is defined in (2) for a
selected mass m
N
and its positively defined passive energy Po = mNVo > 0, associated with the global distribution of
all other masses m
K
. This gravitational part, Uµ ≡ GµPo, is not a full four-vector in pseudo-Riemannian space-time,
like PNµ , nor is the mechanical summand Kµ ≡ mNVµ.
3
Because e
(b)
µ = {0, δ(b)i } = δ(b)µ and dxµ = e(β)µ dx(β), the tetrad with the zero (i.e. time) label takes the following
components from (2): e
(o)
µ = {1 +
√
1− v2Uom−1N ;
√
1− v2Uim−1N } = δ
(o)
µ +
√
1− v2Uµm−1N . Finally, the tetrad
e
(β)
µ for the selected particle N and the metric tensor gNµν ≡ ηαβe(α)µ e(β)ν , with gµνgµλ = δλν , depend only on the
gravitational four-potential Uµ/Po ≡ Gµ for passive energy-charges Po ≡ PoN ,

e
(β)
µ = δ
(β)
µ + δ
(β)
o
√
1− v2Uµm−1N = δ
(β)
µ + δ
(β)
o UµP
−1
o /(1− UoP−1o )
gNoo ≡ e(o)o e(o)o = (1 +
√
1− v2Uom−1N )2 = 1/(1− UoP−1o )2
gNoi ≡ e(o)o e(o)i = (1 +
√
1− v2Uom−1N )
√
1− v2Uim−1N = gNooUiP−1o
gNij ≡ e(o)i e(o)j − δabe(a)i e(b)j = (1 − v2)UiUjm−2N − δij = gNooUiUjP−2o − δij
goo
N
= (1− UoP−1o )2 − δijUiUjP−2o , goiN = UiP−1o , gijN = −δij ,
(3)
where we used goo ≡ e(o)o e(o)o = (1 +
√
1− v2Uo)2 and V 2o = goo/(1 − v2) to prove that
√
goo = 1 +
√
gooUoP
−1
o =
1/(1 − UoP−1o ). Therefore, the passive-inertial GR energy, Po = m
√
goo/
√
1− v2 = m/√1− v2(1 − UoP−1o ) =
(m/
√
1− v2) + Uo, takes a linear superposition of kinetic and potential energies in strong external fields. Note that
we did not assign spin Sµ or other non-metric energy (heat) to the Einstein-Grossmann ‘material point’ mN with
the translation energy-momentum (2). The affine connections for the metric tensor (3) depend only on four gravi-
tational potentials Uµ/Po in our space-time geometry, which is not relevant to warped manifolds with asymmetrical
connections and torsion fields [10].
Every component of the metric tensor in (3) depends on the gravitational part Uµ ≡ mNVµ −mNVµ ≡ GµPo
of the probe carrier energy-momentum Pµ. At the same time, all the components of the three-space metric tensor,
γij ≡ goigojg−1oo − gij = δij , are always independent from the gravitational potential Gµ = Uµ/Po or its gauge. Such
inherent metric symmetries for 3D subspace may be verified directly from (3). In fact, the GR tetrad and the metric
tensor depends on the inharmonic Weber-type potentials, UWµ ≡ Uµ
√
1− v2/m
N
= UµP
−1
o /(1−UoP−1o ), associated
with the particle speed v2 = dl2/dτ2. In 1848 Weber introduced [11] the non-Coulombic potential q
1
q
2
(1−v2
12
/2)/r
12
based on lab measurements of accelerating forces between moving charges q
1
and q
2
with the relative radial velocity
v2
12
≪ 1. This was the first experimental finding that mechanical inertia and acceleration depend on the kinetic
energy of interacting bodies.
By substituting the metric tensor (3) into the interval ds2 ≡ gµνdxµdxν = d2τ − dl2, one can rewrite (1) and find
the proper time dτ = dτ
N
of the probe mass-energy carrier N in external gravitational fields for the most general
case,
dτ ≡ [gNoo(dxo + g−1NoogNoidxi)2]1/2 ≡ e(o)µ dxµ = dxo + dxµ
UNµ
m
N
√
1− dl
2
dτ2(dl, v)
. (4)
Notice that the proper-time differential, dτ
O
= dxo(1 + UKo m
−1
K
), of the local observer K, with dxi
K
= 0 and
dl
K
= 0, differs from the time element (4) of the moving mass m with the GR energy-charge Po = m
√
goo/
√
1− v2.
The proper interval ds of the moving mass and its proper time element (4) depends, in general, on all four components
of Uµ. Therefore, the observed three-speed dl/dτO , of a particle may differ in relativistic gravito-mechanics from the
non-linear ratio dl/dτ(dl, v) ≡ v of the particle’s space and time elements of the invariant (1).
The metric tensor (3), the interval (1), and the local time element (4) are associated with warped space-time
specified by external fields for one selected mass m
N
or its passive energy-charge PNo . One may employ common
three-space for all elementary particles (due to universal Euclidean geometry for their spatial displacements), but
should specify warped space-times with differently dilated times for the mutual motion of gravitational partners.
The particle’s time element dτ ≡ dτ
N
(dl, v) in (4) depends on the ratio UNµ /mN for one selected mass and on the
specific Lorentz factor for this mass. Finally, a nonlinear time rate τ˙ = e
(o)
µ dxµ/dxo (hereinafter df/dt ≡ f˙) of moving
material objects in (4) depends on the ratio l˙2/τ˙2 = v2. This reverse non-linear relation can be simplified in several
subsequent steps through the following equalities to (4):
dτ ≡ dxo 1 + Uom
−1
N
√
1− v2
1− viUim−1N
√
1− v2 ≡
dt
1− UoP−1o − P−1o Uivi
≡ dt1 + UiP
−1
o x˙
i
1− UoP−1o
. (5)
Such time dilatation in (5) by the external four-potential GNµ = U
N
o /P
N
o results in the gravitational Sagnac effect
when an observer compares the dynamics of different elementary energy-charges Po in fields with Ui 6= 0.
Now, one may conclude that the GR time element dτ in the metric interval (1) and, consequently, in the physical
speed v = dl/dτ, depends only on four potentials Gµ for positive probe charges Po > 0. Einstein’s theory operates
with energy sources of gravitation and describes local interactions between tensor energy-momentum densities of
distributed bodies with a global spatial overlap of their GR energies. The potential energy-momentum Uµ ≡ (PNµ−
m
N
Vµ) of every probe body contributes to its GR energy content and, therefore, to its passive energy-charge,
m
N
Vo = Po ≡ Em. The ratio Uµ/Po should be considered in Einstein’s gravitation as a universal field four-potential
(which is not a covariant four-vector) of active gravitational charges for passive energy-charges. Contrary to Newton’s
gravitation for masses, Einstein’s gravitation is the metric theory for interacting energy systems. The Sun, with the
active energy-charge E
M
, keeps the universal potential Uµ/Em = {−GEM r−1; 0} in the Sun’s frame of reference for
the passive-inertial energy content Em of a probe massmN . Below, we employ the universality of the Sun’s potential,
UNo /P
N
o = −GEM /r ≡ −ro/r, for all planets in our computations for gravitational tests of General Relativity with
dilated time (4)-(5) and flat material space filled everywhere by radial gravitational fields r−2 and their radial r−4
energy-sources.
3 Flatspace for the planetary perihelion precession
Now we consider the metric tensor (3) for a central gravitational field with a static four-potential, UiP
−1
o = 0,
UoP
−1
o = −GEM r−1, where EM = const ≈ Mc2 is the active gravitational energy of the ‘motionless’ Sun (in the
moving Solar system). We use Euclidean geometry for the radial distance r ≡ u−1 from the Sun’s center of spherical
symmetry in agreement with spatial flatness maintained by (3) for any gravitational four-potential Gµ and its gauge
∂µφ. Let us denote the energy content of a probe mass m in the static central field as a passive energy-charge
Po = mNVo = mN
√
goo/(1− v2) = Em. Then, the interval (1) for the passive energy carrier in a central field with
Ui = 0 takes two equivalent presentations due to (4) and (5),
ds2 =
(
1− GEMEm
rm
√
1− dl
2
dτ2(dl)
)2
dt2 − dl2 ≡ dt2
(
1 +
GE
M
r
)
−2
− dl2, (6)
where infinite iterations in dτ2(dl) = dt2
[
1− (GE
M
Em/rm)
√
1− dl2/dτ2
]2
over the same dτ2(dl) in the Lorentz
factor result in dt2/[1 + (GE
M
/r)]2 for the Sun-Mercury potential energy Uo = −GEMEm/r. Spherical coordinates
can be used in (6) for the Euclidean spatial interval dl2 = dr2 + r2dθ2 + r2sin2θdϕ2 in energy-to-energy gravitation.
The non-linear metric solution (6) for the nonlocal energy-source does not coincide with the Schwarzschild empty-
space solution [2] for a central field around a point mass-energy source. Therefore, the Schwarzschild extension of
the SR interval, aside with other empty-space solutions obtained by coordinate transformations, is not the only
rotationally invariant solution which GR’s tensor formalism can propose for space-time-energy self-organization.
Ultrarelativistic velocities, v ≡ dl/dτ → 1 and √1− v2 → 0, in the Weber-type potential reject the Schwarzschild
singularity in the metric (6). Einstein, ‘the reluctant father of black holes’, very strictly expressed his final opinion
regarding the Schwarzschild radius: ‘The essential result of this investigation is a clear understanding as to why
Schwarzschild singularities do not exist in physical reality’ [12]. In our view, Schwarzschild’s metric solution, and all
Birkhoff class solutions for the empty space dogma, originates with ad hoc modeling of matter in the 1915 Einstein
equation in terms of point particles. However, Einstein maintained extended sources for his equation and for physical
reality. Below, we prove that the nonlocal matter metric (6) corresponds to the r−4 radial energy-charge or source
of gravity. Therefore, our analysis denies the empty space paradigm. Non-empty material (energy) space is in
full agreement with Einstein’s idea of continuous sources and Newton’s ‘absurd’ interpretation of distant attraction
through stresses in a material ether (called in 1686 as ‘God’s sensorium’).
Our next task is to derive integrals of motion for the Einstein-Grossmann passive material point in a strong central
field from the geodesic equations d2xµ/dp2 = −Γµνλdxνdxλ/dp2. Nonzero affine connections Γµνλ for the metric (6)
take the following components: Γrθθ = −r,Γrϕϕ = −rsin2θ,Γrtt = dgoo/2dr,Γθrθ = Γθθr = Γϕϕr = Γφrϕ = 1/r,Γθϕϕ =
−sinθcosθ,Γϕϕθ = Γϕθϕ = ctgθ, and Γttr = Γtrt = dgoo/2goodr, where goo is the function next to dt2 in the interval (6),
ds2 = goodt
2 − dl2.
By following the verified approach with θ = π/2 = const for the isotropic central field, for example [9], and by
substituting flatspace connections Γµνλ into GR’s geodesic equations, one can define the parametric differential dp
5
and write the following gravitational relations,

goodt/dp = 1, dp/ds = goodt/ds = Em/m = const
r2dϕ/dp = Jϕ = const, r
2dϕ/ds = JϕEm/m ≡ L = const
(dr/dp)2 + (Jϕ/r)
2 − g−1oo = const(= −m2/E2m)
(dr/ds)2 + (rdϕ/ds)2 − E2m/m2goo = −1,
(7)
with the first integrals Em,m, and Jϕ of the relativistic motion in strong gravitational fields.
The last line in (7) is the interval equation ds2 = goodt
2 − dl2 with two integrals of motion E2m/m2 = g2oodt2/ds2
and θ = π/2. Therefore, the scalar invariant (6) is actually the equation of motion for the constant energy charge
Em = const in a central field with the static Weber-type potential UWo = −(Uo/r)
√
1− v2 ≡ Uo/(Em − Uo) =
−GE
M
/(r + GE
M
), which is inharmonic for the Laplacian ∇2UWo 6= 0. Recall that Schwarzschild’s curved 3D
solution differs from (6) and results in conceptual inconsistencies for the Einstein equation [13]. We can use (6)-(7)
for relativistic motion in strong central fields in order to reinforce the ignored statement of Einstein that Schwarzschild
singularities do not exist in physical reality [12]. There are no grounds for metric singularities either in the interval
(6), or in the radial potential UWo (r) for r → 0, because dτ/dt =
√
goo = r/(r + GEM ) is a smooth function. We
prove (in the last section) that the non-empty space metric tensor (3), as well as ∇2UWo 6= 0, corresponds to the
continuous energy-source in the 1915 Einstein equation.
The strong field relations (6)-(7) with the first integrals of motion can be used, for example, for computations
of planetary perihelion precession in the solar system. The planet’s gravitational energy for the GR energy-to-
energy attraction, Uo = −GEMEmr−1 ≡ −roEmu, where ro ≡ GEM /c4 = const and u ≡ 1/r, is small compared
to the planet’s energy, |Uo| ≪ Em = const, that corresponds to the non-relativistic motion of a planet N (with
Em/m = const ≈ 1, Em ≪ EM , and v2 ≡ dl2/dτ2 ≪ 1) in the Sun’s rest frame, with Ui = 0. The GR time element
for the planet reads from (6) or (7) as
ds2 − dl2 ≡ dτ2(dl) = dt2
(
1− rouEm
m
√
1− dl
2
dτ2(dl)
)2
≈ (1− 2rou)dt2 + rou dl2, (8)
where we set rou≪ 1, Em/m = 1, dl2 ≪ dτ2(dl), and dt2 − dτ2(dl)≪ dt2.
The field term with spatial displacement roudl
2 on the right hand side of (8) belongs to the time element
within the invariant ds2. This displacement corresponds to the non-linear field nature of time dτ(dl) = f(rodl/dτ),
originating from the Weber-type energy potential UWµ = Uµ
√
1− v2/m in (3). Therefore, the invariant (1) cannot be
discretionally divided (for fields with such potentials) into separate time and space parts. There is no departure from
Euclidean space geometry with metrics dl2(θ = π/2)=dr2 + r2dϕ2= u−4du2 + u−2dϕ2 in (8), (6), or (1). Again, a
particle’s non-linear time with spatial displacement dτ(dl) differs in (8) from the proper-time dτ
O
= (1 − 2rou)1/2dt
of the motionless local observer. Displacement corrections, roudl
2/dt2, for the non-relativistic limit are very small
compared to the main gravitational corrections, µu, to Newtonian time rate t˙2 ≡ 1 >> 2rou >> roudl2/dt2.
However, the dependence of a particle’s time element dτ2 from spatial displacement dl2 accounts for the reverse
value of this time element, rodl
2/dτ2, that is ultimately a way to restore strict spatial flatness in all covariant
relations of Einstein’s relativity. Here there is some kind of analogy with electrodynamics where small contributions
of Maxwell’s displacement currents restore the strict charge conservation in Ampere’s quasi-stationary magnetic law.
Two integrals of motion from (7) in weak fields, (1 − 2rou)dt/ds = Em/m and r2dϕ/ds = L, and (8) result in
the equation of a rosette motion for planets,
(1− 2rou)L−2 + (1− 3rou)(u′2 + u2) = E2L−2m−2, (9)
where u′ ≡ du/dϕ and rou≪ 1. Now, (9) may be differentiated with respect to the polar angle ϕ,
u′′ + u− ro
L2
=
9
2
rou
2 + 3rou
′′u+
3
2
rou
′2, (10)
by keeping only the largest gravitational terms. This equation may be solved in two steps when a non-corrected
Newtonian solution, uo = roL
−2(1 + ǫcosϕ), is substituted into the GR correction terms at the right hand side of
(10).
The most important correction (which is summed over century rotations of the planets) is related to the ‘resonance’
(proportional to ǫcosϕ) GR terms. We therefore ignore in (10) all corrections apart from u2 ∼ 2µ2L−4ǫcosϕ and
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u′′u ∼ −r2oL−4ǫcosϕ. Then the approximate equation for the rosette motion, u′′ + u − roL−2 ≈ 6r3oL−4ǫcosϕ,
leads to the well known perihelion precession ∆ϕ = 6πr2oL
−2 ≡ 6πro/a(1− ǫ2), which may also be derived through
Schwarzschild’s metric approximations with warped three-space, as in [7, 8, 9].
It is important to emphasize that the observed result for a planet in perihelion precession ∆ϕ (in the Solar
non-empty flatspace with non-linearly warped time by Sun’s energy densities) has been derived from the invariant
four-interval (1) under flat three-space, γij = δij , rather than under ‘empty but warped’ three-space with material
peculiarities.
4 The radar echo delay in flatspace
The gravitational redshift of light frequency ω can be considered as a direct confirmation that gravity couples to the
energy content of matter, including the massless photon’s energy Eγ , rather than to the scalar mass of the particle.
Indeed, Einstein’s direct statement E = mc2 for all rest-mass particles is well proved, but the inverse reading,
m = E/c2, does not work for electromagnetic waves (with m = 0) and requires a new notion, the wave energy-charge
Eγ/c2 ≡ mγ 6= 0.
In 1907, Einstein introduced the Principle of Equivalence for a uniformly accelerated body and concluded that
its potential energy contributes to the ‘heavy’ (passive) gravitational mass [14]. This conclusion of Einstein was
generalized in a way that any energy, including light, has ‘relativistic mass’ (the gravitational energy-charge in
our terminology). Proponents of this generalization proposed that the photon’s energy-charge (‘relativistic mass’) is
attracted by the Sun’s massM in agreement with the measured redshift ∆ω/ω = ∆Eγ/Eγ = ∆(−mγGMR−1S )/mγc2.
Unfortunately, the formal application (without the four-vector wave equation) of the ‘relativistic mass’ to zero-mass
waves initially resulted in the underestimated light deflection, ϕ = −2GM/R
S
c2 ≡ −2ro/RS , under the ‘mechanical
free fall’ of photons in the Sun’s gravitational field [15]. In 1917, when Schwarzschild’s option [2] for spatial curvature
had been tried for all GR solutions, the new non-Newtonian light deflection, ϕ = −4ro/RS , had been predicted due
to additional contributions from the supposed spatial curvature in question. Later, all measurements proved this
curve-space modification for the gravitational light deflection, providing ‘experimental evidences’ for non-Euclidean
three-space in contemporary developments of metric gravitation.
Below, we prove that Einstein’s GR admits the flatspace concept for interpretation of light phenomena in gravita-
tional fields if one properly couples the Sun’s rest energy to the photon’s wave energy Eγ . We consider both the radar
echo delay and the gravitational deflection of light by coupling wave’s energy-charge to local gravitational potentials.
Our purpose is to verify that Euclidean space can perfectly match the known measurements [7, 16, 17] of light phe-
nomena in the Solar system. Let us consider a static gravitational field (gi = 0, for simplicity), where the physical
slowness of light, n−1 ≡ v/c, can be derived directly from the covariant Maxwell equations [8], n−1 = √ǫ˜µ˜ = √goo.
Here and below we associate goo with the gravitational potential Uo/Po for a motionless local observer at a given
point. The measured velocity v = dl/dτ
O
, as well as the observed light frequency ω = ωodt/dτO , is to be specified
with respect to the observer’s time dτ
O
=
√
goodt. It was Einstein who first correctly associated the light’s redshift
with different clock rates (of local observers) in the Sun’s gravitational potential [14].
Compared to the physical speed of light, dl/dτo = cn
−1, its coordinate speed
l˙ ≡ dl
dτ
O
× dτO
dt
=
c
n
×√goo = cgoo ≡ c
(
1 +
ro
r
)
−2
≈ c
(
1− 2ro
r
)
(11)
is double-shifted by the universal gravitational potential Uo/Po (or by
√
goo
2) in the Sun’s gravitational field where
ro = 1.48 km, ro/ ≪ r ≈ RS . Notice that both the local physical slowness n−1 =
√
goo and the observer time
dilation dτ
O
/dt =
√
goo are responsible for the double slowness of the coordinate velocity (11), which is relevant to
observations of light coordinates or rays under gravitational tests.
A world time delay of Mercury’s radar echo reads through relation (11) as
∆t = 2
∫ l
M
l
E
dl
(
1
l˙
− 1
c
)
≈ 2
c
∫ x
M
x
E
2rodx√
x2 + y2
≈ 4ro
c
ln
4r
MS
r
ES
R2
S
= 220µs, (12)
where y ≈ R
S
= 0.7 × 106 km is the radius of the Sun, while r
ES
= 149.5 × 106km and r
MS
= 57.9 × 106km are
the Earth-Sun and Mercury-Sun distances, respectively. It is essential that we use the Euclidean metric for spatial
distance, r = (x2+ y2)1/2, between the Sun’s center (0,0) and any point (x, y) on the photonic ray. One can measure
in the Earth’s laboratory only the physical time delay ∆τ
E
=
√
gEoo∆t, which practically coincides with the world
time delay ∆t in the Earth’s weak field, i.e. ∆τ
E
≈ ∆t = 220µs. From here, the known experimental results [7, 17]
correspond to the radar echo delay (12), based on strictly flat three-space within curved space-time with warped
time.
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5 Gravitational light bending in non-empty flatspace
A coordinate angular deflection ϕ = ϕ∞−ϕ−∞ of a light wave front in the Sun’s gravitational field can be promptly
derived in flat space geometry by using the coordinate velocity (11) for observations,
ϕ=−2
∫
∞
0
dl
∂
∂y
l˙
c
≈−2
∫
∞
0
dx
∂
∂y
2ro√
x2 + y2
≈ −4ro
∫
∞
0
R
S
dx
(x2 +R2
S
)3/2
= −4ro
R
S
= −1.75”. (13)
One could also try for massless photons a formal extrapolation of the four-interval equation (1) for a rest-mass
particle. However, the most rigorous classical procedure to derive the ray deflection (13) is to apply the verified
Fermat principle to light waves. This basic principle of physics should also justify spatial flatness under suitable
applications [18].
In agreement with Einstein’s original consideration [14], one may relate the vector componentKo in the scalar wave
equationKµK
µ = 0 to the measured (physical) energy-frequency h¯ω of the photon (cKo = E = h¯ω = h¯ωodt/dτo, h¯ωo
= const). Recall that Po is also the measured particle’s energy in the similar equation, PµP
µ = m2c4, for a rest-mass
particle. The scalar wave equation KµK
µ = gµν
N
KµKν = 0 has the following solution for the electromagnetic wave,

Ko ≡ h¯ωodt/cdτ = goo(Ko − giKi)
γijK
iKj = goo(K
o − giKi)2 = K2o/goo = h¯2ω2odt2/c2goodτ2
Ki = h¯ωodtdx
i/c
√
goodτdl
Ki = −[(dxi/dl) +√googi]h¯ωodt/c√goodτ,
(14)
with Kµ = {E,−E[(δijdxj/√goodl) + gi]}.
The Fermat-type variations with respect to δϕ and δu (r ≡ u−1, ϕ, and ϑ = π/2 are the spherical coordinates)
for photons in a static gravitational field are
δ
∫
Kidx
i = −δ
∫
h¯ωoγijdx
j
cgoodl
dxi = − h¯ωo
c
δ
∫ √
du2 + u2dϕ2(1 + rou)
2
u2
= 0, (15)
(where goo = (1 + rou)
−2, gi = 0,γij = δij , dl =
√
δijxixj =
√
dr2 + r2dϕ2) resulting in a couple of light ray
equations for rou≪ 1, {
(1− 4rou)
[(
u′ϕ
)2
+ u2
]
= u2o = const
u′′ϕϕ + u = 2rou
2
o
(16)
Solutions of (16), u ≡ r−1 = uosinϕ + 2rou2o(1 + cosϕ) and rouo ≈ ro/RS ≪ 1, may be used for the Sun’s weak
field. The propagation of light from r(−∞) = ∞, ϕ(−∞) = π to r(+∞) → ∞, ϕ(+∞) → ϕ∞ corresponds to the
angular deflection ϕ∞ = arcsin[−4roR−1S (1 + cosϕ∞)] ≈ −4ro/RS = −1.75′′ from the light’s initial direction. This
deflection coincides with (13) and is in agreement with the known measurements −1.66′′ ± 0.18′′, for example [7].
We may conclude that there is no need to warp Euclidean three-space for the explanation of the ‘non-Newtonian’
light deflections if one strictly follows Einstein’s original approach to light in gravitational fields [14]. In fact, the
massless electromagnetic energy exhibits an inhomogeneous slowness of its physical velocity, v ≡ dl/dτ
O
= c
√
goo,
and, therefore, a double slowness of the coordinate velocity, dl/dt = cgoo. This coordinate velocity slowness is related
to the coordinate bending of light measured by the observer. In closing, the variational Fermat’s principle supports
strict spatial flatness for light in the Solar system.
6 Geodetic and frame-dragging precessions of orbiting gyroscopes
Expected precessions of the orbiting gyroscopes in the Gravity Probe B Experiment [19] have been calculated by
Schiff [20] based on the Schwarzschild-type metric for curved and empty 3D space. We shall revisit the point spin
model (criticized below) for the free motion in a central gravitation field. Our spatial interval is always flat due to
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the intrinsic metric symmetries in the GR four-interval (1) with the metric tensor (3). The tensor formalism can
be universally applied to any warped space-time manifold with or without the intrinsic metric symmetries and with
or without asymmetrical connections. By following Schiff and many other authors we also assume for a moment
that the vector geodesic equation, dSµ/dp = Γ
λ
µνSλdx
ν/dp, in pseudo-Riemannian four-space with only symmetrical
connections, Γλµν = Γ
λ
νµ, may be applied to the point spin ‘four-vector’ Sµ with ‘invariant’ bounds V
µSµ = 0 or
So = −x˙iSi for orthonormal four-vectors,
dSi
dt
= ΓoiνSox˙
ν + ΓjiνSjx˙
ν =
(
−Γoiox˙j − Γoikx˙kx˙j + Γjio + Γjikx˙k
)
Sj . (17)
Our flat-space for a strong static field with (3) and goi = 0, goo = (1 − UoP−1o )2 = 1/goo, and gij = −δij , would
formally maintain an inertial-type conservation, gµνSµSν = (SoSo/goo)−δijSiSj = (x˙i/√goo)(x˙j/√goo)SiSj−SiSi =
(~v~S)2 − ~S2 = const, in agreement with Einstein’s teaching for a free-falling body. At the same time, Schwarzschild’s
metric option (curved space) tends to suggest [9, 20] the non-compensated Newtonian potential φ = −GM/r even
in the ‘free fall’ equation, const = gµνSchSµSν = (~v
~S)2 − ~S2(1 + 2φ). Therefore, formal applications of the Einstein-
Grossmann geodesic relations (derived for spatial translation of material points) to localized spins Sµ (which are
not four-vectors in 4D manifolds with symmetrical affine connections) contradict the GR inertial motion and the
Principle of Equivalence.
Our affine connections Γλµν = Γ
λ
νµ, related to the metric tensor (3), depend only on four field potentials Gµ ≡
UµP
−1
o = {UoP−1o , UiP−1o }. This metric tensor has been introduced for the local energy-momentum (2) without
any rotational or spin components. Moreover, neither the mechanical part, Kµ, nor the gravitational part, PoGµ,
in (2) are separately covariant four-vectors in warped space-time with the metric tensor (3). Therefore, there are
no optimistic grounds to believe that four spin components Sµ might accidently form a covariant four vector in
space-time with symmetrical connections for translation of the passive four-vector, Pµ ≡ Kµ + PoGµ, for a material
point or for energy-momentum densities of distributed bodies. Nonetheless, we try by chance these symmetrical
connections for the point spin avenue in question (17) in constant fields when ∂ogµν = 0, for simplicity,

2Γjio = UjP
−1
o ∂igoo + ∂j(UiP
−1
o goo)− ∂i(UjP−1o goo)
2Γoio = [(1 − UoP−1o )2 − U2i P−2o ]∂igoo
+P−1o Ui[∂j(UiP
−1
o goo − ∂i(UjP−1o goo)]
2Γjik = ∂j(UiUkP
−2
o goo)− UkP−1o goo∂i(UjP−1o )− UiP−1o goo∂k(UjP−1o )
2Γoik = [(1 − UoP−1o )2 − δijUiUjP−2o ][∂i(UkP−1o goo) + ∂k(UiP−1o goo)]
+UoP
−1
o [∂i(UjUkP
−2
o goo) + ∂k(UiUjP
−2
o goo)− ∂j(UiUkP−2o goo)].
(18)
One could start with UoP
−1
o = −GEM r−1 and UiP−1o = 2GIr−3[~r × ~ω]i for the homogeneous spherical mass M
rotating with low angular velocity, i.e. ωr ≪ 1, UiUi/P 2o ≪ 1, EM ≈ M , and I =
∑
nmn~xn × ~vn ≈ 2MR2E/5 for
R
E
< r [8]. Then, by keeping only linear terms with respect to Ui/Po, one can rewrite (17) for a slowly rotating
gravitational field:
dSi
dt
≈ −Sj x˙j∂iln√goo − δjkSj ∂i(UkP
−1
o goo)− ∂k(UiP−1o goo)
2
+SjUjPo∂igoo − x˙j x˙kSj ∂i(UkP
−1
o goo) + ∂k(UiP
−1
o goo)
2goo
. (19)
The last three terms on the right-hand side of (19) are responsible for frame rotation and frame dragging, which
vanish for non-rotating centers when ~ω → 0 and Ui/Po → 0. Precessions of the constant magnitude vector ~J ≈
~S−(~v~S)(~v+2~UP−1o )/2 from the weak-field limit for gµνSµSν = [(1−UoP−1o )2−UiUiP−2o ](x˙jSj)2+2UjP−1o Sj(x˙iSi)−
δijSiSj ≡ δijJiJj = const, if (−Uo/Po) ≪ 1, x˙ix˙i ≪ 1, and x˙i ≈ vi ≈ −∂iUoP−1o in (19),
dJi
dt
≈ −Jj
2
[vj∂i(UoP
−1
o )− vi∂j(UoP−1o )]−
Jjδ
jk
2
(
∂iUkP
−1
o − ∂kUiP−1o
)
+Jj [UjP
−1
o ∂i(UoP
−1
o )− UiP−1o ∂j(UoP−1o )], (20)
may be compared with Schiff’s non-relativistic prediction d ~J/dt = (~Ωgeo+ ~Ωfd)× ~J for Gravity Probe B. The second
summand at the right hand side of (20), −Jjδjk(∂iUkP−1o − ∂kUiP−1o )/2≡(~Ωfd × ~J)i, takes Schiff’s answer [20] for
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the frame-dragging precession,
~Ωfd ≈ −1
2
~∇×
(
2GI~r
r3
× ~ω
)
=
GI
r3
(
3~r(~ω · ~r)
r2
− ~ω
)
. (21)
The first and third precession terms in (20) depend on the Earth’s radial field ∂i(UoP
−1
o ) and they count together
geodetic and frame phenomena. These terms provide ~Ωgf = −(2−1~v − ~UP−1o ) × ~∇UoP−1o . Such a precession for a
point spin model, formally borrowed from the Einstein-Grossmann theory for the passive material point (but without
any ill-specified self-rotations), fails to reiterate the already verified de Sitter geodetic precession, ~Ωgeo = −(3/2)~v×
~∇UoP−1o = 3GM(~r×~v)/2r3, of the Earth-Moon gyroscope in the Sun’s field and frame, where ~U ≡ {U1, U2, U2} = 0.
Therefore, the point spin should be removed from Einstein’s relativity and there is a mathematical argument for
this rejection. The point spin approach to GR matter cannot justify that Sµ is a covariant four-vector in pseudo-
Riemannian space-time when the metric tensor is defined exclusively for invariant translations of a probe material
point without self-rotations or for the four-momentum density without a self-rotation notion. Therefore, one cannot
place Sµ into the Einstein-Grossmann geodesic equation with symmetrical connections. Riemann-Cartan geometries
with the affine torsion and asymmetrical connection [10] for local spin of all neighboring material points are still under
discussion. At the same time, it is well known (Weyl in 1923 and Einstein-Infeld-Hoffmann in 1938, for example [8])
that the inhomogeneous GR time dilation (or different goo(r) for mass elements rotating over a joint axis) defines a
relativistic Lagrangian for the classical non-point gyroscope. Therefore, Einstein’s relativity quantitatively explains
the de Sitter precession through local non-Newtonian time rates for distributed rotating systems. The non-Newtonian
enhanced precession originates from different GR time rates in neighboring material points, rather than from a local
space curvature in question for the ill-defined GR spin of a point mass.
In our view, the Einstein-Grossmann material point in pseudo-Riemannian space-time can provide a physical
basis for densities of distributed matter, but not for self-rotations of points. Point spin models for geodetic and
frame-dragging angular drifts of free-falling gyroscopes cannot be reasonable for GR physics even under formal
success of point-spin approximations for observable data. Any speculations that the de Sitter geodetic precession of
the Earth-Moon gyroscope or that the Mercury perihelion precession have already confirmed non-Euclidean space
geometry are against proper applications of GR time dilation by gravitational fields, and against Einstein-Infeld-
Hoffmann’s physics of slowly rotating systems having finite masses and dimensions. Below, we clarify in more detail
why GR sources are always non-point distributions of energy-matter. Einstein’s relativity for (nonlocal) energy
sources requires non-Schwarzschildian interpretation of gravitational probes, including Lunar-Laser-Ranging and
Gravity Probe B data.
7 Nonlocal continuous astroparticles and non-empty flatspace in Ein-
stein’s and Maxwell’s equations
Weber’s 1846 electric force and 1848 velocity-dependant potential had been inferred from lab experiments with
moving non-relativistic bodies [11]. But why has Weber’s electrodynamics not been widely accepted after 1869-71
when it successfully supported the 1847 Helmholtz principle for energy conservation? One of the possible reasons
is that Weber’s inharmonic potential for Poisson’s equation provided practically the same measured forces as the
harmonic Coulomb potential for Laplace’s equation, while the latter had been ‘coherently’ accepted to reiterate
Newtonian fields in Maxwell’s electrodynamics. The ultimate price for such a privilege for the Coulombic radial
potential is the empty space paradigm with the harmonic solutions of Laplace’s equation for fields around point
charges. Weber’s inharmonic radial potential never vanishes completely in the Laplacian resulting in non-empty
space distributions of the elementary classical charge.
At first glance, our Weber-type radial potential UWo = Uo(r)
√
1− v2/m = UoP−1o /(1 − UoP−1o ) might not
work for Newtonian gravitation at all, because this dynamical potential should keep the constant energy charge
Em ≡ Po under the time-varying Lorentz factor
√
1− v2. However, the velocity-dependant energy vertex UWo (r),
with UoP
−1
o = const/r, rigorously addresses both strong and weak fields for the geodesic motion of passive energy
carriers. Below, we prove that Weber-type potential can facilitate the free fall universality and the Principle of
Equivalence for energy charges in strong fields.
The geodesic 3D force fi exerted on the energy charge Em of the mass m in a constant gravitational field is well
defined [8] in General Relativity:
fi = −Em
{
∂i
(
− 1√
goo
)
+ vj [∂i(goj/goo)− ∂j(goi/goo)]
}
. (22)
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We may use the integrals of motion from (7), with
√
goo = 1+Wo = (1+GEM r
−1)−1, Em = m
√
goo/
√
1− v2 = const,
and UiP
−1
o = 0, for strong central fields of the static source of gravitational energy EM = const. Such a source
of gravitation results in the radial ‘geometrical’ force, ~f = Em~∇(1/√goo) = Em~∇(1 +GEM r−1) = −GEMEm~r/r3,
which depends on the passive-inertial charge Em of the probe mass m. The well tested relativistic acceleration
d~v/dt ≡ [~f − ~v(~v ~f)]/Em also depends on this energy charge (or the energy content Em). Therefore, the universal
gravitational fall is to be expected in strong fields for attraction between energy charges rather than between masses.
In this way, the geodesic equation for probe particles suggests how Einstein’s field equation for the source may
transfer General Relativity into a self-contained theory without references to Newton’s gravitation for masses or
to the empty-space electromagnetic model for point charges. There is no need to curve 3D space for the geodesic
motion of energy charges if one would like to keep Einstein’s Principle of Equivalence and the energy-momentum
tensor source for Einstein’s gravitation.
Following Einstein [1], we assume that the source of a gravitational field is the distributed energy-momentum
density T µν in the 1915 GR equation, R
µ
ν − δµνR/2 = 8πGT µν . Hereinafter we discuss only the four ‘time’-related
densities, T µo , with well-defined initial conditions for the differential gravitational equations. It is not an accident
that the pseudo-Riemannian metric (3) with non-empty energy space admits only four independent Hilbert variables
goµ, while δ(gij) = δ(δij) ≡ 0 in flatspace metric formalism. Once we integrate the distributed particle into its spatial
field structure, we have to accept that curved space-time is doubly warped by both the particle-energy density and
by its field-energy density. Such a non-dual unification of the continuous particle and its field should lead to the
complete geometrization of the bi-fractional (gesamt, particle + field) non-local carrier of energy with the subsequent
vanishing of sources next to the Einstein curvature tensor gµνGˆoν = Gˆ
µ
o ≡ gµνRoν − δµoR/2 in non-empty flat space,
where {
Gˆµo = δ
µ
oΛ
Gˆµo;µ ≡ 0.
(23)
Here we use the hat sign in order to mark that the Einstein curvature tensor density Gˆµo has incorporated both the
continuous particle (or distributed T µo ) and its field fractions under the proper introduction of the space-time metric
tensor gµν . Peculiarity-free geometrization of non-empty material space of the gesamt (particle + field) energy carrier
with the local conservation Gˆµo;µ ≡ 0 corresponds, in principle, to Newton’s ether stresses for gravitating bodies and
to Clifford’s ‘space-theory of matter’ [21].
There are no strict requirements to keep the constant Λ-term for the overlapping distributions of geometrized
energy carriers, unless one would like to insert non-metric energies (heat) into the gravitational equation. Therefore,
one may put Λ = 0 in (23) for many of its applications. A world ensemble of overlapping radial energies can be
described by the sum of vector contractions
∑
∞
1 u
νuµGˆ
µ
o = 0 of the elementary tensor (23) for one radial carrier.
However, natural questions arise: Where does the particle disappear (Gˆoo = 0) and what is the energy density of
the gesamt continuous carrier of active and passive gravitational charges, i. e. integral energies E
M
? Zero Einstein
tensor curvature in (23) does not mean the absence of local energy-matter. Only a zero Riemann rank-four tensor
can justify Minkowski space-time. Otherwise, one may read the local energy balance, goνRoν = R/2 ≡ 8πGǫ in (23)
by relating the Ricci scalar curvature R ≡ gµνRµν , to joint particle plus field contributions into the energy density
µ of the gesamt continuous carrier.
Let us study non-empty material space filled by the radial particle-field carrier of distributed active, Ea
M
, and
passive, Ea
M
, energies which locally form the symmetrical Ricci tensor Rµν = Rνµ = ∂λΓ
λ
µν−ΓλµρΓρνλ+Γλµν∂λln
√
goo−
∂µ∂ν ln
√
goo (with goi = 0 and vanishing time derivatives for static states). The active gravitational energy of a static
source warps goo(r) = 1/g
oo(r) = [1−Uo(r)E−1m ]−2 for all passive (probe) energiesEm with, as so far, the unreferenced
potential energy Uo(r). Only two warped connections Γ
i
oo = ∂igoo/2 and Γ
o
io = ∂igoo/2goo, when ∂ogmu = 0 and
Ui = 0, define R
o
o = g
ooRoo = g
oo(∂iΓ
i
oo − ΓjooΓooj) = [−∂2i ln(g−1/2oo ) + (∂iln(g−1/2oo ))2] and R = gooRoo + gijRij =
goo(∂iΓ
i
oo − ΓjooΓooj) - δij(−∂jΓooi − ΓoioΓojo) = 2Roo, with
R
8πG
=
gooRoo
4πG
=
−∇~w
4πG
+
~w2
4πG
≡ ǫa + ǫp. (24)
Here we define the geometrized mass-energy density (ǫa+ ǫp) through the scalar Ricci curvature R and introduce the
post-Newtonian field intensity ~w ≡ −∇W through the inharmonic static potential W ≡ −ln(1/√goo) of distributed
particle-field matter.
One may conventianally associate the summand (−∇~w)/4πG ≡ ǫa in (24) with the active (source, yang) energy
density of the gesant particle-field carrier of active/passive energy-charges, while the summand ~w2/4πG ≡ ǫp being
associated with the passive-inertial (sink, ying) energy density or vice-versa. These local contributions can be
integrated over all material space, defining active, Ea
M
=
∫
ǫad
3x, and passive Ep
M
=
∫
ǫpd
3x energy-charges of
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nonlocal GR bodies. The Equivalence Principle for the integral charges Ea
M
≡ Ep
M
of energy carriers is based
on equal densities of their active and passive energies, ǫa = ǫp. Such an approach to GR charges requests equal
particle and field contributions to the Ricci scalar (24). This specifies the SR referenced metric solutions 1/
√
goo ≡
1 − UoE−1m = 1 + C1r−1 + C2 (3) for the Einstein-Grossmann material point (with the passive energy Em = Po
without internal rotations) due to the differential equation [∂rln(1− UoE−1m )]2 ≡ −r−2∂r[r2∂rln(1− UoE−1m )]. One
constant vanishes (C2 = 0) due to the SR asymptotic goo(r → ∞) = 1. In order to find C1 without references to
Newton mechanics, we analyze the active energy distribution of nonlocal sources from (24),
E
M
=
1
4πG
∫
4πr2dr∇(−~w) = 1
G
∫
dr∂r [−r2∂rln(g−1/2oo )]
= −r
2
G
∂rln(g
−1/2
oo )|∞o =
r2∂(UoE
−1
m )
G(1 − UoE−1m )
|∞o . (25)
Here we use the metric component goo with the SR references on the mechanical part KNµ of the translation energy-
momentum (2) without internal degrees of freedom. Now, by solving (25) with respect to Uo(r) at Em = const, one
can derive the universal attraction law,
Uo(r) = −GEMEm
r
, (26)
for nonlocal carrieres of passive and active energies. Ultimately, we specified for Einstein’s SR-GR theory the
analytical metric component goo = [1 + ro/r]
−2 and smooth static metric ds2 = goodt
2 − δijdxidxj , with ro ≡
GE
M
. Therefore, the Einstein-Grossmann metric formalism results in the self-contained energy-to-energy gravitation.
Again, we did not take Newtonian references for the GR gravitational law (26). Interactions in the self-contained SR-
GR theory depend conceptually on attractions of passive energy charges by active energy charges (and vice-versa),
rather than by mutual attractions of constant scalar masses. Any third body can vary the paired interaction energy
(26). This approach can quantitatively address Mach’s ideas [22] regarding variations of passive-inertial and active
gravitational charges (Em 6= const and EM 6= const when ∂ogµν 6= 0) in Newton’s 1686 law for gravitation with
constant masses. The energy-to-energy attraction (26) may suggest the counting of photons’ and neutrino’s energy-
charges for gravitation on astronomical scales. The static radial field with g
−1/2
oo = 1 + ror
−1 keeps the Gaussian
surface flux for the force intensity (22) ,
∮
s
(~f/Em)d~s = const, that corresponds to the energy-charge conservation,
ro = const.
It is essential for the GR geometrization of material flatspace with locally dilated time that the same tensor
component goo(r), which was derived in (6)-(7) for the 1913 Einstein-Grossmann geodesic motion of the passive
test body, be followed self-consistently from solution (26) to the gravitational equation (23). GR energy space is
not empty in the Einstein metric curvature and in physical reality. Contrary to the empty-space model with point
sources for Schwarzschild’s solution, the Newton-Einsten Universe is filled or charged everywhere with two equal
radial energy densities (−∇~w)/4πG = ~w2/4πG = ǫ = r2o/4πGr2(ro + r)2 of static (equilibrium) radial carriers.
Our metric geometrization of folded particle-field energies (or yin-yang, gesamt fields) maintains r−4 radial energy
elements overlapping on microscopic, macroscopic, and megascopic scales, with equal active (source continuum) and
passive (sink continuum) energy densities

ǫ(r) ≡ E
M
n(r) = E
M
ro/4πr
2(r + ro)
2 = ~w2/4πG = −∇~w/4πG = ∇2W/4πG
~w(r) = −∇W (r) = −GE
M
rˆ/r(r + ro)
W (r) = −ln[(r + ro)/r]
E
M
=
∫
ǫd3x = ro/G
(27)
The radial particle-field matter (with the post-Newtonian logarithmic potential W) is in agreement with the well-
known concerns of Einstein regarding point particles in his 1915 equation: ‘it resembles a building with one wing built
of resplendent marble and the other built of cheap wood’. Infinite radial r−4 material ‘tails’ of overlapping elementary
particles or stars occupy the total Universe in accordance with the ‘absurd’ Newtonian ether and its stresses for
gravitation. There are no space regions without matter-energy of continuous radial astroparticles. Why an observed
macroscopic body exhibits a finite volume V with sharp surfaces? Centers of radial symmetry Ri of body’s N bound
atoms with radial scales roi ≈ Gmi ≈ 10−54m are indeed localized within V , which contains the most heaviest
portions of elementary non-local energies E
V
=
∫
V
dV (
∑
N
i=1
mini(~r − ~Ri)). A spatial scale decay of surface atoms is
about 10−54m that is well below the present limit of space measurements (10−18m) and the Planck’s length (10−33m).
At the same time a very small, but finite, portion of body’s nonlocal energy ∆E = (∑Ni=1 mi)−EV <<<∑Ni=1 mi is
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distributed over the entire Universe beyond the perception frames of the body macroscopic volume V . In this way,
the analytical equilibrium distribution n(~r − ~Ri) = ro/4π(~r − ~Ri)2(|~r − ~Ri|+ ro)2 of the gesamt radial field in (27)
is a more precise density for matter than the Dirac delta-operator density δ(~r − ~Ri).
Classical Electrodynamics with the delta-operator charge bypassed Newtons’s and Clifford’s ideas regarding the
non-empty space paradigm, as well as Weber’s experimental findings of inharmonic radial potentials. However, the
exact solution [23] to the static Maxwell’s equations,

4πρ(r) = ero/r
2(r + ro)
2 = ∇ ~D(r) = ~D ~Ere/e
~E(r) ≡ −∇We(r) = erˆro/rer(r + ro) = ~Dro/re
We(r) = (e/re)ln[(r + ro)/r]
Ee =
∫
d3xρWe =
∫
d3xρe/re =
∫
d3x~E ~D/4π = e2/re,
(28)
analytically verifies that the elementary Maxwell electron is distributed over the entire Universe with half of its
negative charge, e ≡ ∫∞
o
4πr2ρ(r)dr = −eo, within the energy radius ro ≈ re = Gmo = 7 × 10−58m. Again,
the electron’s charge density ρ(r) = en(e) is locally proportional to the electron’s field energy density, ~E ~D/4π =
e∇ ~D/re = eρ(r)/re, like the gravitational particle and field energy densities for the unified non-local carrier. The
Maxwell radial charge density ρ(r) is, in fact, the static energy distribution, ρ(r)e/re, in the constant self-potential
e/re. This particle self-energy identically balances the electric field self-energy and, therefore, electricity does not
contribute to the Ricci curvature R of continuous carriers of EM and GR energies. The constant self-potential
e/re does not generate self-forces, ∇(e/re) ≡ 0, for the equilibrium particle distribution n(r) = ro/4πr2(r + ro)2.
Again, the analytical radial density
∑
i ein(~r − ~Ri) of nonlocal (astro)electrons around their centers of spherical
symmetry at ~Ri can successfully replace in Maxwell’s equations the Dirac operator density
∑
i eiδ(~r − ~Ri) for the
model interpretation of elementary matter through peculiarities.
Now, we may maintain from (27) that the Earth’s radial energy is distributed over the flat material Universe.
Therefore, we expect that the forthcoming Gravity Probe B data will confirm flatspace under proper interpretation of
spin-orbit and spin-spin frame dragging (with conservation of the spin + orbital angular momentum of non-point GR
gyroscopes). This experiment may clarify real affine connections of non-empty material space for the geometrization
of rotating matter through the generalized Einstein equation Gˆµo = 0 for continuous energy carriers. Would this
Earth field experiment be finally explained through local spatial flatness for translations and rotations, then it may
be considered as a basis for non-empty spaces in the classical theory of fields, including electrodynamics of continuous
elementary charges and their residual gravitation with paired (chiral) vector gravitational waves.
8 Conclusions
Our main goal is only to reinforce spatial flatness of Einstein-Grossmann’s Entwurf gravitation through energy-driven
pseudo-Riemannian geometry, rather than to discuss encountered consequences of the self-contained SR-GR metric
scheme with Gˆµo = 0 and Gˆ
µ
o;µ ≡ 0. To achieve this main goal, we have derived quantitative predictions for Mercury’s
perihelion precession, Mercury’s radar echo delay, and the gravitational light deflection by the Sun in strictly flat
three-space. The numerical results are well known from the Schwarzchild empty-space approximation of reality
and they were confirmed in many experiments [7]. Recall that the conventional interpretation of post-Newtonian
corrections relies on space curvature near the point gravitational source (including the ‘point’ Sun). On the contrary,
our GR analysis allows us to conclude that the non-empty space paradigm can reinforce the strict spatial flatness
in nonlinear GR relations, where r−2 Newtonian fields are locally bound with the r−4 energy sources. The spatial
displacement dl may be referred in Einstein’s flatspace relativity as a space interval, while the integral
∫
dl along a
space curve does not depend anymore on fields and has a well-defined meaning.
We attached all field corrections within the GR invariant ds2 to the non-linear time element dτ2. In other words,
gravity may curve specific space-time elements, dτ and ds for every moving particle, but its space interval dl is
always flat and universal. It is not surprising that our approach to relativistic corrections, based on the strong-field
equations (7), resulted in Schwarzschild-type estimations, which are also based on similar integrals of motion in
the Sun’s weak field. However, strong fields in (7) will not lead to further coincidences of numerical solutions with
Schwarzschild-type dynamics in empty space.
Both the Newtonian space interval dl =
√
δiνdxidxν > 0 and the Newtonian time interval dt =
√
δoνdxodxν
= | ± dxo| > 0 are independent from local fields and proper parameters of elementary masses. This absolute
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universality of world space and time measures is a mandatory requirement for these notions in their applications to
different particles and their ensembles. Otherwise, there would be no way to introduce for different observers one
universal ruler to measure three-intervals and compare dynamics of particles in common world space. For example,
it is impossible to measure or compare differently warped four-intervals ds
N
=
√
gNµν(x)dxµdxν of different particles.
In other words, there is no universal geometry for four-intervals and, therefore, evolution of energy carriers can be
observed only in common three-space which ought to maintain universal subgeometry for all material objects.
Satellite tests of the Equivalence Principle for flatspace gravitation may be very useful to verify the equivalence
of variable Machian inertial and gravitation energy charges, P ino = P
gr
o 6= const, alongside the constancy of scalar
masses in time-varying fields. If the Einstein Principle of Equivalence be confirmed by NASA for the energy content
of moving bodies, then one should not expect space ripples of flat material space for energy-to-energy gravitation.
Our geometrization (23) supports the vector approach to the gravitational four-potentials Gµ for GR energy-charges
Po in the global overlap of gesamt carriers
∑
∞
i u
νuµGˆ
µ
o = 0. Paired vector waves form the tensor wave (graviton)
according to this gravitational equation for (chiral) matter. Chiral confinement of paired waves in the tensor graviton
can explain the period decay of the binary pulsar B1913+16 under the GR energy conservation (without an outward
gravitational energy flow). There is the strict conservation of the Gauss energy flux (neglecting EM wave losses)
for a two body gravitation system in flat space. Space-time-energy self-organization in Einstein’s non-empty space
relativity for radial energy charges can be well described without 3D metric ripples. The internal heat generation
from local emission-absorption of chiral GR waves within interacting (inert or live) bodies should be analyzed and
tested in practice in parallel with the advanced LISA search of 3D ripples of empty (energy?) space in question.
We expect that measured precessions of the Gravity Probe B gyroscopes will ultimately confirm flatness for non-
empty energy space for (chiral) gravitational interactions. Then, the chiral mass origin and the dark energy problem
could be analyzed in pure geometrical terms for accelerated time due to a decreasing mass-energy density after the
Big Bang fluctuation (toward its complete disappearance at the zero mass-density). New tests of paired vector waves
in confined tensor gravitons for continuous r−4 particles and quantitative justification of (23)-(28) may address many
conceptual questions, including the geometrical origin of the chiral inertial energy from two coordinate branches xo
in the real time arrow dt = | ± dxo| and the unification of nonlocal inertial and electric complex charges under the
Rainich-type conditions[24] for gravito-electrodynamics. The reinforcement of the universal 3D geometry for proper
interpretation of elementary GR and EM radial energies of nonlocal astroparticles in the non-empty physical space
is the very beneficial option for the Einstein-Grossmann metric formalism toward its gauge-invariant integration into
the Standard Model.
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